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a b s t r a c t

Quantitative evaluation of the microstructural state of a specimen can be deduced from knowledge of the
sample’s absolute acoustic nonlinearity parameter, b, making the measurement of b a powerful tool in the
NDE toolbox. However, the various methods used in the past to measure b each suffer from significant
limitations. Piezoelectric contact transducers are sensitive to nonlinear signals, cheap, and simple to
use, but they are hindered by the variability of the interfacial contact between transducer and specimen
surface. Laser interferometry provides non-contact detection, but requires carefully prepared specimens
or complicated optics to maximize sensitivity to the higher harmonic components of a received wave-
form. Additionally, laser interferometry is expensive and relatively difficult to use in the field. Air-
coupled piezoelectric transducers offer the strengths of both of these technologies and the weaknesses
of neither, but are notoriously difficult to calibrate for use in nonlinear measurements. This work pro-
poses a hybrid modeling and experimental approach to air-coupled transducer calibration and the use
of this calibration in a model-based optimization to determine the absolute b parameter of the material
under investigation. This approach is applied to aluminum and fused silica, which are both well-
documented materials and provide a strong reference for comparison of experimental and modeling
results.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Nonlinear ultrasonic (NLU) techniques have been successfully
used to characterize material defects and microstructural evolu-
tion through various aging and deformation mechanisms such as
fatigue [1–4], cold work [5], thermal aging [6,7], creep [8], and
radiation exposure [9] dating as far back as the 1960s [10–17].
These measurements all seek to capitalize on the change in the
nonlinear stress-strain relationship that occurs as a material
undergoes microstructural changes by measuring the distortion
of ultrasonic waves as they propagate through the sample. Second
harmonic generation (SHG) is a technique in the field of NLU where
a monotonic ultrasonic input generates additional waves at har-
monics of the input frequency as it propagates through the speci-
men. The second harmonic wave amplitude (A2) is compared to

the square of the fundamental amplitude (A2
1), and the ratio of

these two amplitudes is proportional to the acoustic nonlinearity
parameter, b. This b value can be correlated to the change in mate-
rial microstructure due to external effects, and when this parame-
ter is tracked over time or damage evolution, a useful picture of the
material life (past and remaining) can be constructed that may
inform engineering decisions regarding a variety of materials and
situations.

In order to determine the state of a material sample, tests are
often performed relative to a base, unaltered state and the SHG
measurements are tracked as the material state evolves [9,18–
20]. This type of measurement is referred to as a relative nonlinear-
ity measurement and is typically performed with uncalibrated
acoustic transducers that measure the relative acoustic nonlinear-
ity parameter b�. This approach is used simply because the abso-
lute signal amplitudes do not matter when the change in those
amplitudes is the desired measurement result. While useful when
an unaltered sample of the material is present, there are vastly
more situations in which this condition cannot be met such as in
existing transportation or public utilities infrastructures. In these
cases, approaching a sample with no prior knowledge of the mate-
rial requires the measurement of the absolute nonlinearity param-
eter b, which can be used to predict material state through
modeling and, by extension, remaining material life.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ultras.2017.06.001&domain=pdf
http://dx.doi.org/10.1016/j.ultras.2017.06.001
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Fig. 1. Experimental setup schematic of longitudinal wave SHG measurements for
the determination of material nonlinearity. (a) Piezoelectric contact transducer
used as the ultrasonic receiver. (b) Air-coupled piezoelectric transducer used as the
ultrasonic receiver.
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Many receiver technologies exist that can easily provide relative
SHG measurements effectively and cheaply, most notably contact
piezoelectric transducers [2,9,18,21]. These piezoelectric devices
exhibit high sensitivity and desirable electronic and mechanical
properties for use in NLU experiments, but because they are reso-
nant devices they exhibit frequency dependent electroacoustic
transfer functions that must be known to accurately interpret their
responses to ultrasonic inputs [22,23]. Contact piezoelectric trans-
ducers can be calibrated to provide absolute signal measurements
[24–26], but there are some significant limitations associated with
these calibrations. First, the calibration of contact transducers is
dependent on the interface conditions between the transducer
and the sample, typically through a fluid couplant layer which is
extremely difficult to control. Because the transducer and fluid
couplant layer are calibrated together, a new calibration must be
performed every time the couplant layer changes, which occurs
with every new contact measurement. Additionally, if the coupling
of the transducer and the sample is poor, the electroacoustic trans-
fer function obtained from experiment may be meaningless
because of poor signal quality, harmonic generations from contact,
etc [27,28]. While absolute measurements with contact piezoelec-
tric transducers are certainly possible [2], a much more effective
and robust approach is the use of non-contact receivers to measure
the fundamental and second harmonic wave amplitudes.

Non-contact detection has been used for performing absolute
SHG measurements with many receiving technologies, including
capacitive electrostatic transducers [7,17,29–31], EMATs [32,33],
and laser interferometers [21,30,34,35]. These techniques all have
their advantages and disadvantages, but when it comes to measur-
ing across a variety of samples under in-situ conditions with the
greatest ease, laser interferometry is the most effective of these
technologies. However, laser interferometers are expensive, bulky,
and benefit from highly polished samples or reflective surfaces for
effective use in detecting higher harmonic waves [34,36] which
ultimately detracts from their usefulness in field applications.

A very attractive alternative to laser interferometry is the use of
air-coupled piezoelectric transducers, which exhibit the high sen-
sitivity and low relative cost of contact piezoelectric transducers,
and are well adapted for use in in-situ applications where laser
interferometry would struggle. Electromechanical calibration of
the transducer has proven elusive for use in SHG measurements
up to this point, but because the couplant in this case is a repeat-
ably controllable air gap, a single calibration of the transducer
remains viable for all subsequent measurements. This work pro-
vides the necessary theoretical and experimental frameworks to
adapt air-coupled transducers for use in measuring absolute b,
equipping the NDE community with a much needed tool for abso-
lute NLU inspection of previously difficult to measure specimens in
a broader variety of experimental conditions. A combination of
modeling and experimental results are used to calibrate the recei-
vers, and the calibrated transducers are combined with a nonlinear
optimization routine to measure the absolute b of aluminum 2024
and fused silica samples. These results are finally compared to sim-
ilar results from existing literature, providing a benchmark for the
effectiveness of the proposed techniques.

This paper is laid out in the following structure. First, a model-
ing framework for predicting the fundamental and second har-
monic wave fields from generating to receiving transducer is
proposed, including a discussion of general concepts for modeling
nonlinear wave fields through stacks of multiple materials. Next, a
discussion of nonlinear optimization provides a use for the model-
ing equations in determining the absolute acoustic nonlinearity.
Next, a combination of modeling and experimental results are used
to calibrate the receivers, and the calibrated transducers are com-
bined with the nonlinear optimization routine to measure the
absolute b of aluminum 2024 and fused silica samples. These
results are finally compared to similar benchmark results from lit-
erature as validation of the proposed techniques.

2. Theoretical background

A schematic of longitudinal wave SHG measurements is shown
in Fig. 1. The basic principle of the SHG technique is measuring the
second harmonic and fundamental wave amplitudes and using
them to calculate the material nonlinearity b. In the case of the
contact transducer setup of Fig. 1(a), simply calibrating the trans-
ducer so as to convert a received displacement or strain to an elec-
tric current or voltage is sufficient to capture the absolute surface
displacements from the transducer electrical outputs. However,
the air-coupled transducer of Fig. 1(b) is not performing a direct
surface measurement, but rather an indirect measurement of the
leaked pressure waves from the surface vibrations of the sample.
In order to extract the surface information from the measured elec-
trical output of the air-coupled receiver, additional steps must be
taken to relate the conditions on the surface of the sample to the
conditions on the surface of the receiver face. In this work, a model
based approach is used to link these quantities which is comprised
of three distinct parts: (1) A propagation model to account for the
leakage of acoustic waves from the sample surface, (2) an opti-
mization routine based on this model to solve for sample surface
displacements from measured voltage data from the transducer,
and (3) a calibration of the transducer to correctly map output
voltage to the acoustic conditions on the receiver surface.

2.1. Longitudinal propagation modeling

2.1.1. Second harmonic generation theory
An in-depth summary of second harmonic generation (SHG)

techniques for NLU [37] describes the mechanisms behind the
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development of higher harmonic signals as a monochromatic fun-
damental signal propagates through a sample. For SHG techniques,
and most nonlinear ultrasonic tests in general, the ultimate goal is
to measure the nonlinearity parameter b, which can be found by
comparing the magnitudes of the fundamental and second har-
monic wave components detected by a receiver after the ultrasonic
signal has propagated a distance x via the following relationship:

ðA2Þel

ðA2
1Þ

el ¼ b�x ð1Þ

In Eq. (1), the term b� denotes the relative acoustic nonlinearity
parameter that is obtained from uncalibrated measurements, usu-
ally the direct voltage or current outputs of the receiver during the
experiment. Practically, this expression is convenient because it
affords many possible ways of measuring the nonlinearity param-

eter, and measures of uncalibrated values of ðA2
1Þ

el
and ðA2Þel can

quickly provide the relative nonlinearity parameter b�. In longitu-
dinal wave measurements, the variable x is usually fixed, which
means that the determination of b� is done by varying the input

fundamental amplitude and plotting A2 by A2
1, taking the linear

slope as the value of the nonlinearity parameter.
If the measured amplitudes are absolute amplitudes resulting

from proper system calibration, the expression for the absolute
nonlinearity parameter looks as follows:

A2

A2
1

¼ bk2x
8

ð2Þ

The goal of this work is to use air-coupled piezoelectric ultra-
sonic transducers, which have historically only been used to calcu-
late b� as in Eq. (1), to calculate the absolute material nonlinearity
b as in Eq. (2). This will require more careful characterization of the
ultrasonic field from transmitter to receiver as well as a careful cal-
ibration of the receiver itself.

2.1.2. Attenuation and diffraction corrections
It is important to note that the expression for the nonlinearity

parameter given in Eq. (2) ignores the effects of diffraction and
attenuation, which over large propagation distances or in the near
field will have significant effects on measurement results. The
Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation was developed
to account for these effects and takes the form [38]:

@2p
@z@s

¼ c
2
r2

?pþ d
2c3

@3p
@s3

þ b
2qc3

@2p2

@s2
ð3Þ

where p is the acoustic pressure, s is the retarded time s ¼ t � ðz=cÞ,
d is the sound diffusivity dependent on viscosity, thermal conduc-
tivity, and specific heat terms, r2

? is the transverse Laplacian in
x; y coordinates, and z is the beam propagation direction. The first
term on the right-hand side of Eq. (3) models the diffraction of the
propagating wave, the second term models the dissipation, and the
third term models the generation of harmonic wave components
due to material nonlinearity. Central to the formulation of Eq. (3)
is the use of paraxial approximation, which necessarily breaks
down in regions close to the source. However, the validity of this
approximation has been tested in transducer beam field modeling
and for regions half of a source diameter from the source itself,
the approximation is acceptably close to the actual solution [39].

Assuming a quasilinear solution to the KZK equation, the fol-
lowing equations of motion for the fundamental and second har-
monic wave fields can be found:

@p1

@z
þ i
2k

r2
?p1 þ a1p1 ¼ 0 ð4Þ

@p2

@z
þ i
2k

r2
?p2 þ a2p2 ¼ bk

2qc2
p2
1 ð5Þ
where p1 is the fundamental frequency component amplitude, p2 is
the second harmonic component amplitude, and an is the attenua-
tion of an acoustic wave propagating linearly through a material at
the nth harmonic, with n ¼ 1 corresponding to the fundamental
wave form and n ¼ 2 corresponding to the second harmonic wave-
form. This distinction is important because the actual attenuation of
the second harmonic waveform is more complicated than the atten-
uation of a linearly propagating wave at a frequency 2x which will
be shown in the next section.

2.1.3. Multiple Gaussian beam modeling
Wen and Breazeale [40] took the idea of discretizing sources as

a linear combination of the Gaussian beams from optics and
applied it to ultrasonic piston-like transducers by finding Guassian
coefficients An and Bn such that, at the source, the pressure can be
modeled as

p1ðr;0Þ ¼
XN
n¼1

p0An expð�Bnr2=a2Þ ð6Þ

where a is the source radius and r is the radial distance from the
source center. A set of 15 coefficients was determined to accurately
model a piston transducer and the resulting field from as little as a
distance a from the source with a high degree of accuracy [39]. This
modeling scheme has major advantages over the exact solution
obtained from a method such as the Rayleigh-Sommerfeld Integral
(RSI) approach. The first major advantage is that the wave field for
propagation through multiple materials can be found very easily in
one global ABCD matrix approach for the linear portion of the wave
field [41]. Another major advantage of this approach is that the full-
field solution for each individual Gaussian term is analytical, which
means that the full field from the piston transducer is solved with
one integration of a modest number of terms [42,43]. The RSI inte-
gral requires fine discretization of the source and receiver, which is
essentially a quadruple integral over a domain that depends on the
wavelength of the propagating wave. This gain in computational
efficiency is very important for the later aspects of this work and
is the primary choice for using this modeling framework for future
steps.

The Multiple Gaussian Beam (MGB) modeling framework has
been adapted for nonlinear wave fields created by SHG, solving
both Eqs. (4) and (5) using the source function of Eq. (6) and a
Green’s function approach [43]. The pertinent results from this
published work are the following solutions for the fundamental
and second harmonic wave fields:

p1ðzÞ ¼ p0½ � e�a1z½ �
XN
n¼1

An

1� iBnz=DR
exp

Bnðr=aÞ2
1� iBnz=DR

 !" #
ð7Þ

p2ðzÞ ¼
bkz
2qc2

p2
0

� �
expð�2a1zÞ � expð�a2zÞ

ða2 � 2a1Þz
� �

� 1
z

Z z

0

XN
m¼1

XN
n¼1

�2AmAnBb

ð2zþ BaÞz0 þ Baz� 2Bb

� exp �2ikr2
ðz02 þ Baz0 � BbÞ=ðz� z0Þ
ð2zþ BaÞz0 þ Baz� 2Bb

� �� �
dz0 ð8Þ

where Ba ¼ iðBm þ BnÞ=DR; Bb ¼ BmBn=D
2
R, and DR ¼ ka2

=2 is the Ray-
leigh distance denoting transition from the near field to the far field
of the acoustic source. Eqs. (7) and (8) provide a complete account-
ing of the wave fields for the fundamental and second harmonic
waves as they propagate through a single material from a finite
radius piston-like source. However, as is shown in Fig. 1(b), a sec-
ond material, in this case air, must be accounted for in the propaga-
tion path between the transmitting source and the receiving air-
coupled transducer. In this work, we have extended the nonlinear



Fig. 3. Schematic of the interface between solid and air diagramming the relevant
incident and transmitted waves. Note that A2 propagates as a second harmonic
wave with generation in the solid, but after transmission into the air, acts as a
fundamental wave. Once the waves reach the receiver, they are integrated across
the face of the transducer to obtain the force on the transducer face.
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formulation of this MGB model to propagate through multiple lay-
ers, shown in Fig. 2(a) and (c). An optimization algorithm is used to
re-derive the source function for the linear and nonlinear fields at
the interface between material 1 and material 2, depicted in Fig. 2
(b) and (d) respectively. These new coefficients are then used as
the inputs to Eqs. (7) and (8) above, which provides the total pres-
sure field model for propagation in air.

One of the consequences of this formulation is that for both the
fundamental and second harmonic waves, a linearly and nonlin-
early propagating wave component is produced in the next mate-
rial as shown in Fig. 3; of particular interest is how the second
harmonic wave propagates through the second material in this
schematic. In previous works [20], we have shown that for sources
where there is an initial nonlinear component, the initial second
harmonic component of the signal propagates as if it were a funda-
mental frequency wave at a frequency of 2x. The interface
between materials 1 and 2 in this problem can be thought of as a
new ‘‘effective source” with coefficients Aint;2;N and Bint;2;N as shown
in Fig. 2(a) and (c), where the subscript ‘‘int” represents their loca-
tion at the interface, the numbers 1 and 2 represent the fundamen-
tal and second harmonic respectively, and N is the number of the
coefficient in the set of newly derived coefficients. Again, an N of
15 shows excellent agreement with the wave fields at the interface
as can be seen in Fig. 2(b) and (d). This is a very flexible approach to
solving this problem because it works irrespective of the source
profile (piston, Gaussian, etc.).

Additionally, one of the consequences of Eq. (8) is that the num-
ber of terms resulting from the summations squares each time the
calculation is performed because of the double summation in the
diffraction correction. For example, a discrete source of 15 terms
necessitates a second harmonic diffraction correction of 225 terms.
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When the fundamental and second harmonic wave-fields transmit
across a material boundary, the number of total coefficients would
square again because of the generation of higher harmonics from
both the fundamental and second harmonic waves in the first
material. A large stack of materials would quickly overwhelm most
computational resources. By collapsing the wave field components,
particularly of the second harmonic, to a new set of 15 coefficients
down from 225, this problem is neatly side-stepped.

To select which field components dominate the fundamental
and second harmonic fields of p1;air and p2;air, we acknowledge that
the transmission coefficient T at the interface between a metallic or
silica specimen and air is very small. For an aluminum 2024/air
interface, T is equal to 0.985e�4, and for a fused silica/air interface,
T is equal to 1.28e�4. This can be interpreted as a representation of
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the insertion loss of the air gap between the receiver and the sam-
ple surface as it directly relates the pressure of the propagating
waves in the sample material to the pressure of the wave propagat-
ing through the air. Because of these high insertion losses caused
by the low values of T, the second harmonic generated by the
transmitted fundamental wave component and especially the
higher harmonics generated by the transmitted second harmonic
wave are neglected due to their very small magnitude. This is
shown pictorially in Fig. 3 where the red-boxed components are
neglected because of their low magnitude relative to the other
transmitted wave components. This leaves the transmitted funda-
mental wave accounting for p1;air and the linearly propagating
transmitted second harmonic wave accounting for p2;air, summa-
rized in the equations below:

p1;air ¼ T p1;metal

��
z¼L

h i
M1 a1;air; zair
	 


D1 a; f ; zairð Þ ð9Þ

p2;air ¼ T p2;metal

��
z¼L

h i
M1 a2;air; zair
	 


D1 a;2f ; zairð Þ ð10Þ

where L is the length of propagation through the sample.
Another important consideration is the effect of the boundary

between metallic specimen and air on the phase of the transmitted
pressure waves. For normal incidence of a plane wave on an inter-
face between a material with a high acoustic impedance (metal) to
a material with much lower acoustic impedance (air), a reflected
wave will incur a 180 degree phase shift because the reflection
coefficient will have a negative value approaching R ¼ �1. How-
ever, the transmission coefficient will have a positive sign regard-
less of its magnitude, and thus transmitted waves across the
boundary will transmit in-phase and will not need a sign adjust-
ment [44]. While the incidence of the propagating waves near
the edges of the propagating beam may not exhibit plane wave
behavior precisely, the diffraction correction takes into account
the spatial distortions that these edge waves experience and allows
us to assume normal incidence for the entire wave front.

An example of the full modeling picture is given in Fig. 4 which
shows a cross-section of an aluminum sample of 27 mm thickness
and an adjoining air-column of 5 mm thickness through which the
acoustic pressure wavefield propagates for both the fundamental
(a,c) and second harmonic (c,d) frequencies. The second harmonic
generation effect is clearly demonstrated in Fig. 4(c), which is the
representation of Eq. (8). Additionally, the linear propagation of
the transmitted pressure waves as denoted by Eqs. (9) and (10)
are shown clearly in Fig. 4(b) and (d), with the signal attenuating
and diffracting leading a monotonic amplitude decrease with prop-
agation distance.

When the air-coupled transducer of Fig. 1(b) receives the pres-
sure wave propagating through the air column as in Fig. 4(b) and
(d), it is responding to the total received force from the pressure
field distribution across the surface of the transducer, which causes
a strain through the piezoelectric element and thus a voltage from
the piezoelectric effect. Therefore, the final piece of the modeling is
to calculate the force on the transducer face, which is accom-
plished by simply integrating the pressure field across the surface
of the transducer:

Fnðx0; y0Þ ¼ 2
Z
A
pnðx; yÞdA ð11Þ

where A is the surface area of the receiving transducer element. The
coordinate pair ðx0; y0Þ is used to denote the center of the air-coupled
transducer, which when scanned in the x� y plane averages the
pressure field across the transducer surface area centered at that
location. The multiplication by 2 accounts for the fact that the
transducer face is essentially a rigid boundary due to the high impe-
dance mismatch between the transducer and the surrounding air.
A plot demonstrating the difference in the received force from
the air-coupled transducer versus the actual pressure distribution
across the transducer face is given in Fig. 5. Notably, the received
force as a function of position has a much broader/flatter shape
than the pressure distribution. This is due to the finite size of the
receiver which essentially creates a moving average weighted by
the modal response of the transducer element as contrasted to a
point-like receiver such as a laser interferometer. For the frequen-
cies of interest, the modal response of the transducer is assumed to
be piston-like because the frequencies of interest are below or near
the transducer fundamental resonance. This step completes the
forward model from source transducer to receiving transducer.

2.2. Inverse problem and optimization algorithm

Ultimately, we need to take measured voltages from the air-
coupled transducer and use these voltages to infer the surface
vibration amplitudes on the sample. This type of measurement fits
neatly into an inverse problem formulation that can be solved
numerically using nonlinear least-squares optimization [20,30].
The cost function for this optimization is the calculated force on
the surface of the air-coupled receiver due to the radiation of the
pressure waves from the surface of the metallic sample derived
in the previous section. The process of nonlinear least squares opti-
mization solves the cost function given input values of the problem
variables Fnðp0;a1;a2; a; f ; bÞ and iterates those values in a method-
ical manner until the calculated force on the air-coupled trans-
ducer surface matches experimentally determined values. This is
stated mathematically in Eq. (12).

min
fp0;n ;an ;bg2R

kFnðfp0;n;an; bg; x; yÞ � FMEAS
n k22

¼ min
fp0;n ;an ;bg2R

X
i

½Fnðfp0;n;an; bg; xi; yiÞ � FMEAS
n;i �2 ð12Þ

where Fn represents the force calculated through integration of Eqs.
(9) and (10) over the receiver surface for the nth harmonic and FMEAS

n

represents the measured forces at these harmonics.
An important facet of this optimization is that instead of using

data from one measurement along the acoustic axis of the gener-
ated and receiving transducers as in a typical contact measure-
ment, the entire measurement field consisting of discrete scan
points is used. This field measurement based reconstruction is
advantageous over a single measurement reconstruction because
the redundancy provided by multiple measurements helps to avoid
convergence on local minima and provides a more stable result
representative of the correct values. When using a single measure-
ment point, there is a possibility of multiple solutions to the set of
minimization variables that may provide similar values of the cost
function, which is avoided in the field measurement based recon-
struction approach.

The optimization process is broken up into two steps, solving
Eq. (12) for n = 1 (the fundamental) first, which only relies on the
variables fp0;a1g, and then solving using the curve-fit solutions
for those variables as inputs for solving the optimization equation
for n = 2 (the second harmonic). The second harmonic depends on
the variables fp0;a1;a2; bg, only two of which are still unknown. By
completing the optimization in two steps, we reduce the number
of optimization variables for each part of the problem, increasing
the likelihood of convergence. By choosing appropriate guess val-
ues based on knowledge of the materials involved, the convergence
speed of the nonlinear least-squares algorithm is greatly increased,
and convergence on local minima can be avoided.

After the optimization of the second harmonic information is
completed, the output of the algorithm includes the sought-after
parameter b. If the experimental force values FMEAS

n are properly
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Fig. 4. Contour map representation of the calculated wave fields in aluminum and air for the fundamental and second harmonic fields. The fundamental wave field for
aluminum is shown in (a) and the fundamental wave field of the transmitted wave through air is shown in (b). Similarly, the second harmonic wave field in aluminum is
shown in (c) and the second harmonic wave field of the transmitted wave through air is shown in (d). The contour lines are meant to highlight the diffraction and attenuation
effects of the field components.
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calibrated values based on the transfer function of the receiving
transducer, then the value of b that results from the algorithm of
Eq. (12) will be the absolute b of the material. Careful calibration
of the air-coupled transducer is therefore very important, and is
discussed in the next section.
2.3. Transducer calibration

Piezoelectric transducer calibration can be performed in several
ways, but the easiest way to calibrate a transducer based on the
number of measurements required is the self-reciprocity calibra-
tion, which uses a pulse-echo configuration to derive the relation-
ship between the displacement of the acoustic wave at the
transducer face and the transducer’s electrical output. For contact
transducers, this is a practical and robust way to determine the
transducer response because the transducers can transmit rela-
tively large amplitude waves via large electrical input signals,
allowing for high signal to noise ratios (SNR) on the received echos.
This is crucial for obtaining clean calibration curves using self-
reciprocity techniques. Air-coupled transducers cannot take the
same level of input power as a contact transducer per the manufac-
turer’s operation recommendations, suffers from high insertion
loss in air, and the pulse echo setup broadcasts acoustic waves
through air instead of a less lossy medium, all of which results in
very small amplitude received echos and very low SNR. Calibra-
tions resulting from self-reciprocity techniques are thus much
more difficult to make with air-coupled transducers and generally
produce untrustworthy results.

To avoid this problem, we have developed a model-based cali-
bration technique shown schematically in Fig. 6 in which a known
aluminum 2024 calibration specimen that is fully characterized at
the frequencies of interest is used as a source in an MGB model to
predict the pressure wave amplitude at the face of the transducer.
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These received waves are integrated across the receiver surface to
provide the force on the transducer as in Eq. (11), which is then
related to the electrical output of the transducer from experimen-
tal measurements. This provides a force to voltage calibration
which can be used to convert the relative amplitudes of the funda-
mental and second harmonic waves to absolute amplitudes based
on the received forces as discussed in Section 2.2. A sample calibra-
tion curve obtained from this process is shown in Fig. 7. This is the
last piece of the puzzle required to extract absolute b measure-
ments from experimental air-coupled transducer data.
1 2 3 4 5 6

Frequency [MHz]

10-1

T
ra

Fig. 7. A sample calibration curve for an Ultran NCT4-D13 Air-coupled piezoelectric
receiver with a center frequency of 3.9 MHz (nominal 4 MHz). This plot demon-
strates that at the transducer center frequency, a lower received force is necessary
to generate a voltage than outside of the transducer bandwidth (lower value of F=V
means more sensitive to impinging forces).
3. Experimental setup and procedure

3.1. Experimental Setup

The experimental setup is shown schematically in Fig. 1(b). A
toneburst signal of 12 cycles is generated by an Agilent 33250A sig-
nal generator at 2.1 MHz, which is fed to a Ritec SNAP 5000 high
power gated amplifier to amplify the input signal to 1000 Vpp with
a pulse repetition rate of 20 ms. The signal is passed to the gener-
ating transducer, which is held in contact with the sample by a tog-
gle clamp and positioned by the test apparatus. The transducer
generates the acoustic signal which propagates through the sam-
ple, transmits into the air, and arrives at the face of the air-
coupled receiver. The receiver is an Ultran NCT4-D13 piezoelectric
transducer with a center frequency of 3.9 MHz and diameter of
12.5 mm.

The receiver is attached to a five axis scanning stage and held
above the sample with a standoff height of 5 mm. For laser inter-
ferometry scans, the air-coupled receiver is replaced with a Polytec
LDV which is used for verification measurements of the sample
surface displacements. The Polytec model used in this work is
the OFV-534 compact optical head in conjunction with an OFV-
5000 controller equipped with the DD-300 displacement decoder,
which has a flat measurement bandwidth up to 20 MHz.

Two different samples are used in these experiments: a 27 mm
thick plate of aluminum 2024, and a 19 mm thick specimen of
fused silica. Additionally, a different generating transducer was
used for each specimen. The aluminum sample is excited by a
Panametrics V106 commercial contact transducer with a nominal
center frequency of 2.25 MHz and a half inch diameter. The fused
silica sample is excited by a lithium niobate (LiNbO3) disc with a
center frequency of 2 MHz and a half inch diameter.

While the air-coupled transducer is fairly insensitive to minor
surface blemishes on the specimens, the laser LDV is not and
requires a mirror-like reflectivity in order to have the SNR required
to make second harmonic measurements. In order to make the alu-
Computer
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Fig. 6. A Schematic showing the calibration setup used in this work. Instead of a
self-reciprocity calibration which is ineffective for air-coupled transducer at these
frequencies, a calibrated reference sample is used along with the previously
discussed MGB modeling framework to relate the predicted force on the receiver to
the received voltage as a function of frequency.
minum sample reflective for use with the Polytec LDV, the surface
is polished to a mirror-like finish. The fused silica sample is par-
tially covered with an extremely thin piece of aluminum reflective
tape to achieve the same effect. The tape is thin enough that it does
not contribute its own dynamics to the measurement, but provides
an optically reflective surface for measurement.

The experimental data is recorded with a Tektronix TDS 5034B
digital oscilloscope and recorded with a LabView script. The col-
lected digital data is then later analyzed in MATLAB to extract
the relative signal amplitudes.
3.2. Experimental procedure

The transducer was first applied to the bottom surface of the
sample and clamped into place with a toggle clamp in order to
ensure that the same clamping force and positioning is applied
for each run of the experiment. A light oil was used as a couplant
between the transducer and the sample to reduce contact nonlin-
earities and acoustic reflections.

The next step was to align the air-coupled transducer with
respect to the sample surface. A standoff height of 5 mm was cho-
sen between the face of the receiver and the sample as a compro-
mise between signal strength and physical clearance issues
through the entire experimental run. After setting the standoff
height, the air-coupled transducer was aligned to the surface nor-
mal. The geometric alignment of the air-coupled transducer is by
far the most challenging aspect of this measurement and also
one of the most critical aspects. A small misalignment will cause
noticeable defects in line and surface scans with the air-coupled
transducer. For laser interferometry measurements, the process is
simpler because the alignment is more forgiving. For a piston-
like generating transducer, the scans should be symmetric, and this
is one of the best criteria to use when evaluating adjustment
impacts and determining future adjustments.

Once the air-coupled transducer is aligned normal to the sur-
face, the total scan in the xy-plane is performed (typically a
20 mm by 20 mm scan with 0.5 mm measurement increments).
Each measurement location is time averaged on the oscilloscope
over 512 cycles to improve SNR. After the data is acquired, it is
then processed in MATLAB.
3.3. Data processing

The MATLAB FFT algorithm is used to obtain the fundamental
and second harmonic frequency components of the signal. In
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measurements of relative signal amplitudes used to calculate mea-
sured of b�, a Hann window is applied in the time domain to reduce
the effects of amplifier and transducer transients. However, when
the goal is to obtain amplitude-accurate signal components for
the purpose of absolute nonlinearity measurements, the difficulty
in correcting for amplitude and phase distortion of the signal is
cumbersome. Numerous approaches to signal processing have
been suggested, notably the use of IIR bandpass filters and convo-
lution to obtain signal components with great success [45], but in
this work it was determined that a simpler solution was to take the
FFT of the steady state portion of the signal, treating it as if it were
infinitely repeating and continuous. While seemingly trivial, the
importance of choosing a suitable signal processing technique that
accurately represents signal amplitude and phases cannot be over-
stated for absolute nonlinearity measurements. Once the signal
amplitudes have been extracted at the frequencies of interest,
the transducer calibration is applied to convert the values from
electrical voltage to mechanical force.

The nonlinear least-squares curve fitting algorithm is then used
to extract the modeling parameters according to Eq. (12). The steps
in this process are similar to those used in earlier work [20]. The
fundamental signal component is fit first using the framework out-
lined in Section 2.2 and Eq. (7) in order to extract the values of p0

and a1. These values are then used as inputs to Eq. (8) in the fitting
process for the second harmonic data, from which b is extracted.

4. Results and discussion

Air-coupled transducer and laser interferometer scanning mea-
surement results are shown for the aluminum and fused silica
samples in Fig. 8. Fig. 8(a) and (e) shows the fundamental and sec-
ond harmonic scan results respectively measured by the air-
coupled transducer from the aluminum specimen, while (b) and
(f) show the laser interferometer surface scans from the same sam-
ple. The fundamental and second harmonic measurements in fused
silica by the air-coupled transducer are shown in (c) and (g)
respectively, with the corresponding laser interferometer mea-
surements shown in (d) and (h). A few key features of the measure-
ment are highlighted nicely in these images. First is the impact of
alignment of the air-coupled transducer to the sample surface. In
(a) and (e), the scan results are approximately radially symmetric,
which is predicted by the modeling equations and shown to be
empirically true on the sample surface by the laser interferometer
scans in (b) and (f). This radial symmetry of the air-coupled trans-
ducer scan result indicates that the tilt of the transducer relative to
the sample surface is well calibrated in both scan directions. In the
fused silica scans shown in (c) and particularly in (g), the measure-
ment result is slightly asymmetric. It is likely that the sample and
the air-coupled transducer are misaligned along one or both axes,
which is indicated by the comparison to the laser scans of (d) and
(h) which show that the waveform at the surface of the sample is
indeed radially symmetric. However, the use of the full-field mea-
surement in the optimization process helps to reduce the impact of
small misalignments such as those in Fig. 8(g).

Another observable effect from Fig. 8 is that the second har-
monic measurement is much more directional and has a narrower
main lobe than the fundamental measurement. This is a pre-
dictable result [44], but has experimental implications. Any
misalignments are going to impact the second harmonic measure-
ment more than the fundamental measurement for this reason.
When performing the receiver alignment, generally there are two
conditions that one must satisfy simultaneously. The first is that
scans through the measurement center along the x and y axes
are symmetric about the middle, and second is that the x and y
scans are maximized at the same point (which becomes the
measurement center). If both of these conditions are met, then
the result will be a clean scan and increased accuracy of the data
processing and extraction of b.

After processing the data according to the algorithm outlined in
Section 2.2, the resulting curves and matching laser interferometry
measurements are shown in Fig. 9. Fig. 9(a) and (b) shows the
results for the fundamental and second harmonic signals respec-
tively from the aluminum specimen and (c) and (d) show the fun-
damental and second harmonic signal respectively from the fused
silica specimen. Laser interferometry measurements are notori-
ously difficult for use in obtaining second harmonic amplitudes
[34], one reason being the large error in measurements where
the surface is imperfect in some way. This is clearly visible in
Fig. 9(c) and (d) around 5 mm on the x axis of the plot from the
large experimental error relative to the other measurement loca-
tions. While this is an important consideration, the relatively low
error in the rest of the data points demonstrates sufficient surface
quality for second harmonic measurements.

The fundamental aluminum results in Fig. 9(a) show very
strong agreement with the interferometric measurements, as do
the fundamental fused silica results in (c). The second harmonic
aluminum results show strong agreement in the center of the mea-
surement, but the side lobe information begins to deviate from the
curve-fitting output. One reason for this could be the presence of
generating transducer nonlinearity introduced from the Panamet-
rics commercial source. The transmitter in the modeling proposed
in this work is assumed to be a linear, piston-like source, such that
a monochromatic input will lead to a monochromatic output. In
reality, the generating transducer may also operate in a weakly
nonlinear fashion, creating an additional propagating acoustic
wave through the sample at the second harmonic frequency that
propagates as a fundamental as in Eq. (7), referred to as the source
nonlinearity [20]. This nonlinearity from the transducer can affect
the measured second harmonic signal both in amplitude and in
spatial distribution because the diffraction pattern of a fundamen-
tally propagating wave displays a wider main lobe and more pro-
nounced side lobe characteristics. This would explain the
presence of the side lobe information in Fig. 9(b). Commercial
transducers such as the one used in measuring the aluminum sam-
ple tend to have a higher source nonlinearity than single crystal
piezoelectric disc sources, such as the LiNbO3 disc used with the
fused silica sample [2]. This assertion is strongly supported by
the strong agreement of experimental results from the more linear
source shown in Fig. 9(d) which does not display the variance
between the measured side lobe information from the laser and
air-coupled transducer.

Furthermore, a material with a higher nonlinearity such as
fused silica, the generated material nonlinearity would more sig-
nificantly overshadow the transducer nonlinearity. This would fur-
ther justify the second harmonic results from the fused silica
sample in Fig. 9(d) showing stronger agreement with the measured
values than the aluminum sample in Fig. 9(b) given the presence of
the transducer nonlinearity.

In the fused silica second harmonic results, the modeling shows
strong correlation with measured values around the main lobe, and
is more accurate regarding the side lobe predictions than in the
aluminum sample as discussed previously. In particular, the geo-
metric features of the curve-fit result match the features of the
measured data, specifically the shapes and locations of the side
lobes. The locations of these side lobes are related to the apparent
radius of the generating transducer in the model, and hand-tuning
this quantity can have the effect of matching these geometric fea-
tures even more closely.

In order to calculate the acoustic nonlinearity parameter, the
optimization algorithm discussed in Section 2.2 requires the calcu-
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Fig. 8. Air-coupled transducer and laser interferometer scan results of aluminum and fused silica specimens. The aluminum fundamental (a) and second harmonic results (e)
show strong radial symmetry characteristic of an accurate alignment of the air-coupled receiver. This is highlighted by the similarity to the laser interferometer scan results
shown in (b) and (f). The air-coupled measurements in fused silica at the fundamental (c) and second harmonic (g) frequencies showmore asymmetry in the second harmonic
measurement as contrasted to the laser interferometer measurements in (d) and (h), indicating that improvements can be made to the air-coupled receiver alignment. These
air-coupled measurements demonstrate what the air-coupled receiver ‘‘sees” when it area-weights the pressure field in air at each scan location.
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lation of the other fitting parameters along with b. These parame-
ters (p0;a1;a2) are listed in Table 1.

An important observation that can be made from the modeling
parameters obtained from the optimization algorithm is that the
attenuation coefficients are extremely small in both aluminum
and air. This results in nearly negligible attenuation corrections
in the modeling. This conclusion aligns with expectations for fre-
quencies below 10 MHz, where very low magnitude attenuation
coefficients in similar metallic and fused silica specimens have
been reported [2,6].

The major outcome of the optimization procedure is the value
of the acoustic nonlinearity parameter b obtained from the
model-based fitting of the experimental data. The use of the
LiNbO3 disc for generation of the input wave clearly reduces the
source nonlinearity as can be seen in Fig. 9(d), which instills confi-
dence in the optimization to calculate an accurate measure of b.
The reported results in fused silica range from 9.7 to 14
[24,30,34,46], thus the measured b in this work of 12:1� :5 is in
excellent agreement with literature values. Fused silica is very well
studied in longitudinal NLU measurements, so agreement with lit-
erature values is a strong verification that the methods presented
in this work provide accurate b estimates.

Values of b in aluminum from literature span a variety of heat
treatments and thus have a large range of reported values from 4
to 12[24,47,48]. That being said, the measured value of b in this
work of 5:0� 0:3, while falling in this range, is not a fully reliable
estimate of the acoustic nonlinearity in the aluminum sample. The
impact of source nonlinearity from the commercial transducer dis-
cussed earlier must be modeled more extensively or removed
entirely through the use of an alternate source. Doing this will
ensure that the measured second harmonic waveform is due pri-
marily to second harmonic generation in the material and not from
the measurement hardware. Electrical effects have thus far pre-
vented the use of an LiNbO3 disc (as in fused silica) with metallic
samples to remedy this issue.

One final important consideration when using this approach is
that the value of the nonlinearity parameter in some materials is
known to be negative, producing a second harmonic out of phase
with the fundamental wave form such as in fused silica [49]. This
method obtains the magnitude of the nonlinearity parameter but
does not obtain the phase relationship, and thus the result is the
absolute value of the acoustic nonlinearity parameter for the mate-
rial under test.
5. Conclusions and future work

In this work we have outline a modeling framework that allows
for accurate calculation of the pressure field from the fundamental
and second harmonic wave fields resulting from propagation
through both a sample under test and the air column between
the sample and the air-coupled receiver. These models account
for attenuation and diffraction of the waves as they propagate
through the combined stack of materials, and accounts for the var-
ious field components as they propagate across interfaces between
these materials. By generating a new set of coefficients at each
material interface, it is possible to extend this framework through
any number of materials over any distance as long as there are suf-
Table 1
Optimization variables for aluminum and fused silica specimens as a result of the
process outlined in Section 2.2

Material p0 Pað Þ a1
Np
m

� �
a2

Np
m

� �
Al 2024 9.57e5 2.3e�3 8.1e�3
Fused Silica 4.12e5 6.9e�3 1.4e�2
ficient computational resources to complete the calculations. The
use of MGB modeling makes this much more efficient than the
use of a direct solution such as an RSI model, Which is very impor-
tant for the extraction of b from measured data because of the iter-
ative nature of the process.

In addition to proposing a modeling framework for pressure
field calculation, a method for calibration air-coupled transducers
is employed that circumvents the issues found with using self-
reciprocity calibration methods as is standard for use with contact
piezoelectric transducers. This calibration method employs the use
of a calibration sample and the modeling framework proposed in
this work, and was shown to produce results that are in agreement
with those expected of resonant piezoelectric, narrow-band
devices. A sample calibration curve confirms the resonance of the
4 MHz transducers to be closer to 3.9 MHz, which aligns with its
observed behavior.

The modeling framework proposed in this work was used in a
nonlinear optimization algorithm employing a least-squares
curve-fitting technique which allows for the extraction of the abso-
lute nonlinearity parameter bwhen combined with the air-coupled
transducer calibration. This method was demonstrated by measur-
ing b for two materials: aluminum 2024 and fused silica. The mea-
sured b value in the aluminum sample agrees with literature
values but includes significant contributions from other sources
of nonlinearity, and the measured b value in fused silica agrees
with literature values in a strongly convincing fashion because of
the low source nonlinearity of the lithium niobate transmitter.
The agreement with the extracted values of b from the methods
proposed in this work with those found in literature, particularly
in the case of the fused silica result, validates the use of this frame-
work for using air-coupled transducers to determine the absolute
nonlinearity parameter in a non-contact environment.

There are many aspects of this measurement that can be
improved, such as the automation of the alignment of the air-
coupled transducer to the sample surface. As of now, the hand-
tuning process is very labor intensive and fickle, and often the suc-
cess of the alignment can take several hours to accomplish. By
automating this process through the use of some optimization pro-
cedure such a conjugate gradients approach to rapidly converge on
the proper air-coupled transducer orientation, this can be made
into a relatively simple procedure. Doing this would require the
mechanization of the rotation stages and height adjustment for
CNC control, which is beyond the capability and funds of the cur-
rent work.

Additionally, the disagreement between aspects of the modeled
wave fields and measure wave fields can be attributed to a variety
of possible reasons which are worth exploring in further detail. It
was proposed in previous work [20] that the generating transducer
can, for whatever reason, introduce a generated transducer nonlin-
earity which acts as a fundamentally propagating wave (e.g. mono-
tonically decreasing) at the second harmonic frequency of 2x. The
presence of this wave field component would explain the increased
side lobe presence in aluminum line scan results, as those side
lobes match the results of a linearly propagating field components.
The relative strengths of the transducer generated nonlinearity to
the material generated nonlinearity could be estimated by careful
calibration of the generating transducer, and could also be added to
the curve-fitting operation by using a cost function that takes this
generating transducer nonlinearity into account. This would pro-
vide the complete modeling picture, but would likely require care-
ful tuning of the optimization process to deal with the added cost
function complexity.

Finally, this technique would be even more valuable to the NDE
community if it could be applied to Rayleigh wave measurements,
which would allow for absolute b measurement from one-sided
material access, greatly increasing the viability of this technique
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in hazardous or otherwise difficult environments. This would
require adapting the modeling of the wave-fields to Rayleigh wave
propagation and harmonic generation, but otherwise the frame-
work proposed in this work would remain largely unchanged. This
would make air-coupled transducers a fully viable technology for
NLU measurements in field applications, and would be a valuable
addition to the NDE toolbox.
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